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This paper addresses the question whether a constant axial acceleration maneuver is superior to a circular one
during the in-flight alignment of an inertial navigation system and whether there exists a simple test or an ex-
pression that clearly indicates it. It was found in this work that when the azimuth misalignment at the end of the >
maneuver is the index of performance, the axial maneuver is not superior to the lateral one in general. There are,
however, three classes of alignment problems in which axial maneuver is superior. These cases can be modeled
by simple models that yield analytic expressions clearly indicating the superiority of the axial maneuver during
the in-flight alignment of an inertial navigation system. These three classes of alignment problems encompass a

large number of existing systems.

Introduction

NY inertial navigation system (INS) has to undergo an
initial alignment phase before it starts navigating.
During this phase the attitude difference between the axes of
the INS coordinate system and those of a chosen reference is
estimated and removed. This attitude difference, or
misalignment, consists of two tilt angles and an azimuth angle
~ which have a distinct signature in the propagating error in the
INS outputs. For this reason a Kalman filter can be suc-
cessfully used to estimate the tilt and the azimuth errors of the
INS. It is well known that the estimation rate of the azimuth
misalignment and the final value it reaches are the two factors
that determine the performance of the whole alignment
process. These factors are particularly important in the initial
alignment of the INS of a combat aircraft, where the aircraft
has to be ready for takeoff in minimum time.

The initial alignment can be performed either when the INS
is at rest or while the aircraft is in motion.! If the initial
alignment is carried out when the INS is airborne, the
alignment is referred to as in-flight alignment (IFA).
Classically, the INS outputs that are used to estimate the tilt
and the azimuth errors are the two horizontal velocity error
components. The tilt errors are strongly correlated with these
velocity error components, and thus can be easily estimated.
An issue of major importance, then, is the ‘‘observability
magnitude’’ of the azimuth misalignment angle when the
horizontal velocity error components are measured.

To present the observability problem, we turn to Eq. (1),
which is the propagation equation of the horizontal velocity
error and the misalignment components for an INS whose
reference coordinate system is the local level north pointing
system?2:
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vy and vy are, respectively, the north and east components o
the velocity error. ax(?), ag(?), and ap(¢) are the north,
east, and down components of the sensed acceleration. ¢y,
¢g, and ¢, are the north, east, and down components of the
misalignment. Q@ denotes Earth rate, R is the radius of the
Earth, and L and N are, respectively, the latitude and
longitude of the INS. Vv and V are the north and east
accelerometer error terms, whereas e,, €z, and ¢, are,
respectively, the drifts of the north, east, and down gyros.
The vertical channel of the INS is decoupled from the
horizontal channels, thus its error terms do not appear in Eq.
(1). It is assumed that the INS is at a constant altitude,
therefore the nominal values of the vertical channel do not
appear in Eq. (1) either.

Consider the 5x5 matrix in Eq. (1) which is the error
dynamics matrix that we denote by F;. When ground
alignment is performed, that is, when the INS is stationary,
the sensed acceleration is in the vertical direction and is equal
to the gravity. Thus, only the tilt errors ¢, and ¢, are directly
coupled into vy and vy through the gravity of f,; and f; 4,
respectively (f;; denotes the element in the ith row and the jth
column of Fy). This coupling is a strong one since the gravity
is a relatively large quantity. On the other hand, the azimuth
error ¢, is not coupled directly into either vy or vg; however,
it is coupled indirectly into vy as follows: ¢, is coupled
directly into ¢ through f, s which is the north component of
Earth rate and, as was just mentioned, ¢, is coupled into v,
through the gravity of f; ,; consequently, vy is linked to ¢ .
Because of the difference in the nature of the coupling of ¢,
and ¢, into vy, they have different signatures in vy and are
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separable and observable to the Kalman filter. However, since
¢p first has to excite ¢z in order to excite vy, and since the
coupling between ¢, and ¢ is a weak one, as Earth rate has a
small magnitude, the estimation of the azimuth error takes
longer, which is well known.

Now, if the INS is installed on a maneuverable aircraft and
the initial alignment is carried out while the aircraft is air-
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borne, the azimuth misalignment can be made to influence Un
and v, directly. This is accomplished by maneuvering the
- aircraft. to generate horizontal accelerations in either the

northern direction or the eastern direction, or both. This way °

the elements f, ; or f; 5, br both, couple ¢, directly into either
Vg or vy, or both, respectively. A commonly recommended

- flight profile for IFA is a relatively short period of cruising,
during which the tilt angles are rapidly estimated, followed by
either S-turns or a circular flight which generate lateral ac-
celerations to estimate the azimuth misalignment angle ¢ .
An alternate procedure is to replace the curved portion of the
flight path by a straight path on which the aircraft undergoes
axial accelerations.

Misalignment observability enhancement through aircraft
maneuvers was presented in the past in several places.37
Results presented in a recent papcarB indicate that axial ac-
celeration maneuvers are superior to lateral acceleration
maneuvers. While Ref. 8 analyzes a special case, namely, a
strap-down INS mounted on a tactical vehicle, the implication
of the results is quite general.

Problem Statement

. Although it was indicated in the literature that an axial
acceleration maneuver is superior to a lateral one in enhancing
‘the estimation of the INS azimuth misalignment, to our
knowledge, this fact was never substantiated analytically. The
primary purpose of this work, therefore, is to find an
analytical proof that this contention is correct. Since it seems
that there is a basic truth underlying this phenomenon,
regardless of the practicality of the maneuvers that generate
the accelerations, in this analysis we prefer to use ac-
celerations that are easy to handle analytically. For this
reason the family of axial accelerations is represented in the
ensuing analysis by a constant axial acceleration and the
family of lateral accelerations is represented by the cen-
trifugal acceleration generated on a circular maneuver. For a
fair comparison, though, we have made the magnitudes of
these accelerations equal. Naturally, this work does not
concern itself with the question of finding an optimal
maneuver to fit a certain mission, nor does it deal with the
practical aspects of the maneuvers.

Following the primary goal of this work, a simple test was
sought that could yield a conclusive analytical indication that
axial accelerations are superior to lateral ones. In this context
the equation

T=axd V)

was investigated. This equation, in which @ is the vector of
sensed acceleration, is a good approximation of the model®
that describes the INS velocity error propagation due to
misalignment. Since ¢ is a vector of constant angles, an in-
tegration of Eq. (2) reveals that the lorizontal component of ¥
is equal to the product of the aximuth misalignment angle and
the norminal velocity change of the INS. As mentioned above,
the horizontal component of 7'is the quantity used to estimate
¢p; therefore, the larger the change in the nominal velocity,
the faster the estimation process of ¢ 5. There is obviously a
much greater net velocity change with a constant axial rather
than a lateral acceleration maneuver; therefore, axial ac-
celeration maneuver is superior to a lateral one. This heuristic
explanation is incomplete: it does not yield a rigorous proof,
nor dpes it produce quantitative results through which the
influence of both accelerations can be compared.

We have adopted a different approach for investigating the
difference between the influence axial and lateral acceleration
maneuvers have on azimuth error estimation during IFA. In
order to confirm our results, we used a covariance simulation
of the IFA problem. This simulation and its results are
presented first.
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Full Model Covariance Simulation

The dynamic model used in the simulation is that of a
simple standard INS error model which is the result of the
augmentation of Eq. (1) with the dynamic model of the sensor
error propagation. We assume that the dominant error
component in the sensors is the turn-on to turn-on random
constant; that is, a constant bias in the accelerometers and a
constant drift in the gyros. Recalling that F; denotes the
dynamics matrix of Eq. (1), the augmented INS error
propagation model is given by

x=Fx+w 3)
where
Fs | I . ‘
F= |--oboee | @
0.0 :

and I; is a fifth-order identity matrix. The components of x
are as follows:,

T= [N Vg, ON DD V N V Es€Ns€gs€D ] (5)
and those of w are
=1[0,0,0,0,0,Wqn, Wog, WensWegs Wep ] ()]

where T denotes the transpose. The nonzero components of w
are small-amplitude white noise driving signals which add a
small random-walk component to the sensor random constant
to simulate the additional, relatively small, sensor errors.

The measured quantities are v, and vy and the
measurement accuracy is assumed to be 0.2 m/s. We assume
that a measurement is made every 4 s, which constitutes a
sampling interval much shorter than the period of the INS
(84.5 min). Thus, to simplify the simulation, a continuous
Kalman filter is simulated; that is, the following matrix
Riccati equation is solved:

P=FP+PFT+Q—PHTR-'HP )

where P is the estimation error covariance matrix, Q is the
spectral density matrix that corresponds to the white noise
vector w, and R is the spectral density matrix of the white
noise measurement error.

Two classes of runs were made. The division into the classes
is according to the two kinds of representative maneuvers that
were used in the simulation. The first kind, the lateral ac-
celeration maneuver, started with a cruising segment followed
by a circular flight path during which the aircraft pulled a
lateral constant magnitude accleration. The maneuver ter-
minated with a final cruising segment. The second kind, the
axial acceleration maneuver, started also with a crusing
segment which was followed by an axial constant-acceleration
flight path. This maneuver, too, terminated with a final
cruising segment. Numerous runs were made with a wide
spectrum of initial conditions in which both kinds of
maneuvers were employed.

In most of the runs, at the end of the final cruising segment,
axial acceleration was better; that is, the azimuth misalign-
ment estimation error reached a lower level. This, however,
was not true when we observed the azimuth error at the end of
the accelerating portion of the flight trajectory. There we
observed two general groups of outcomes.

1) If both the initial misalignment errors and the initial
gyro constant drifts were large and no certain special relations
existed among them, we observed that /aferal acceleration was
superior to axial acceleration. These cases belong to group
number one.

2) In the following cases, which belong to group number
two, axial acceleration was superior.
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a) The initial gyro drift rates were small.
b) The initial gyro constant drift rates were large but

Lép<e, and Qpop<ep ®)
where

€y =(Q+N\)cosL
c) The gyro constant drift rates were large but the
azimuth gyro drift rate was several times larger than
the other two.

Note that cases a and b of group number two encompass
many practical problems. The initial alignment of high-
quality platforms (=1 n.mi/h) falls into the first case.
Tynical to the second case is an INS whose gyro drifts are too
large for the desired azimuth alignment accuracy and,
therefore, the alignment is performed optically. In this case
the IFA serves mainly as a means for gyro calibration.

The behavior of the estimated azimuth misalignment in
runs belonging to group number one was found to be quite
erratic. The results at the beginning and at the end of the final
cruising segment contradicted one another; namely, at the
beginning of the segment the lateral acceleration maneuver
seemed to have been superior, while at the end of the cruising
segment the axial acceleration maneuver yielded a smaller
azimuth misalignment estimation error. No simple analytical
model was found for this group (i.e., for the corresponding
class of initial conditions).

In the following sections, it will be shown that a simple
model can be found for the second group of outcomes that
yields analytic expressions that clearly indicate the superiority
of axial acceleration at the end of the accelerating segment of
the IFA trajectory. In fact, there are two such models; oneisa
third-order model for merely estimating ¢, (case a), and the
second model is a fourth-order one for estimating ¢, as well
as €, (cases band ¢).

Third-Order Model

We postulate that in the first case of group number two, the
error propagation of the horizontal velocity components is
distinctly governed by the azimuth misalignment angle ¢,
whose value we wish to estimate, and since ¢, is fairly small,
¢p is constant. Consequently, the full-order INS error
propagation model can be replaced by the following third-
order model:

xX;=F;(H)x; ®
where
x]=[vnvg¢p) (10)
and
0 0 ap(1)
Fo()=1 0 0 —ay(1) (11
0 0 0

The measurement matrix H; is obviously

[ 1 0 o}
H,= (12)
01 0 ,

]
R= (13)
0 o2

and
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Assuming no a priori information on x;, the covariance
matrix of the system at any time P;(f) can be found as
follows 10:11

t -1
Pj(t)={SO\I/3T(T,t)H3TR"H3‘I/3(T,t)d'r} (14)

where ¥, (7,f) is the transition matrix that corresponds to
Fy(1).

Note that the integral is the stochastic observability matrix
of the system. The system is said to be uniformly completely
observable when the integral is positive definite and bounded
for some ¢ >0. We are further interested in a quantitative
measure of the observability of ¢, which may be used to
compare the effect of the lateral maneuver with that of the
axial maneuver. A good quantitative measure for this reason
is the variance of the estimation error of ¢, which is p;(3,3,),
the 3,3, element of P, (). Using Eq. (14) we now proceed to
compute p;,(3,3) for the lateral as well as for the axial
maneuver.

Lateral Maneuvers

A circular path generates the following components of |
sensed acceleration

ay(t)=—A-sinwt ag (1) =A-cosw! (15)

‘ where A is the magnitude of the lateral acceleration. Sub-

stituting Egs. (15) into Eq. (11) yields

0 0 Acoswt
F,(t)=| 0 0  Asinot (16)
0 o0 0 )

¥;(1,t,) is the solution of

i\113(t,t0) =F;()Y¥Y;(8,¢4) V(Lo ty) =1 amn

at
which is
1 0 (A/w)(swt—swt,)
¥;(4,t) = 0 1 (A/w) (cwt,—cwt) (18)

0 0 1

where s denotes the sine function and ¢ the cosine function.
Using Egs. (12), (13), and (18), g; (7,¢) —the integrand of Eq.

G
¢D(mrud)

0.8

0.4 +
M~ AXIAL
|_ MANEUVER LATERAL MANEUVER
-

! 1 1 [ 1 [T

60 120
TIME ( sec)

Fig. 1 The standard deviation of the azimuth misalignment
estimation error derived from the third-order analytic model.
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(14)—is obtained as follows:
1
‘ "1
= 0
g3 (T:t) Ug
(A/w) (swT—swt)

(A/w) (cw?—cwTt)
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- (A/w) (swr—swt)
(A/w) (cwt—cwT) (19)
QA% /0?2) [1 ~cw(t—T)]

Following Eq. (14), the integration of g; (T,t) with respect to 7 between the limits 0 and ¢ yields

t
. 1
P_;_l(t)=a‘—2 0

v

(A/w?) (1 -t swt—cwt)
The determinant of P! (¢) is easily found to be

det(P; (1)} =(2/08w ) [(wf) P — (wit)-2(1 —cwi)] 21
Now from Eq. (20), P;(3,3)—the 3,3 element of P, (¢)—is
given by

P3(3,3)=t2/det{P—’(t)}-og 22
then substituting Eq. (21) into Eq. (22) yields

wiol wt

A? (wt)2=2(I—cwt)

af,D =P;(3,3)= 23)
Axial Maneuver

With no loss of generality we may assume that the axial
acceleration is due north; thus

ay=A ag=0 24
Then Eq. (11) becomes
0 0 o0
F;(t)= 0 0 -4 (25)
0 0 0 '

and the solution of Eq. (17) with this F, (¢) is

1 0 0
V()= | 0 1 A(t,—-1) (26)
0 0 1

Consequently, the integrand of Eq. (14) is
1 0 0
g3('r,t)=£ 0 1 A(t—=1) 2N
0 A(rt—7) Az(t—'r)z

v

Then, following Eq. (14),
t 0 0

P;’(t):oiﬁ 0 t AL (28)
0 AL 34213
and
det{P;!(t))=A2t5/1206 29

(A/w?) (wt cwt—swt)

0 (A/w?) (1 —wt-swt—cw?)
t ) (A/w?) (0t cwt—swt) (20)
(24/w3) (wt—swt)

Now from Eq. (28)
P;(3,3) =2 /det(P~! (1)} -0? (30)
Hence, from Egs. (29) and (30) we obtain
aiD =P;(3,3)=1202/A2¢3 31

For a quick comparison between this result and that of the
lateral acceleration, we introduce w into Eq. (31) as follows:

a§D=12(w30£/A2)-1/(wt)3 32)

We realize that for large wt (i.e., for large #) Eq. (32) ap-
proaches zero as 1/¢3 while Eq. (23) approaches zero as 1/¢,
and clearly the axial acceleration maneuver is indeed superior
to the lateral acceleration maneuver. To see the correspon-
dance between these analytic results and simulation results,
consider Figs. 1 and 2. Figure 1 presents the difference bet-
ween o, of Eq. (23) and that of Eq. (32); that is, Fig. 1

presents the difference between the axial and lateral

maneuvers obtained from the analytic model. Figure 2, on the
other hand, presents the difference between o, of the laterat
maneuver and that of the axial maneuver which were obtained
from the simulation. '

The values which were used in the simulation are
w=0.05 rad/s

A=981m/s? 0,=0.4m/s/vHz

Qus =Qun=192x10"8Bm?/s?
Qs =Q99) =Qui10) = 1.88% 10~ "rad?/s?
In addition we used the following initial values:

Oy =0cp =0.01 deg/h %) =0.025 deg/h

GN )
G4y =To, =1 deg 0y, =3 deg ;
Ogy =0y, =100 pug 0,y =0y, =0.2m/s

Note that the initial conditions of this simulation were chosen
to make these examples elements which belong to.case a.in
group number two, for which the suitable analytic model is a
third-order one.

Note in Fig. 2 that at the end of the alignment, both curves
approach the same value due to the existence of white noise
excitation in the simulation. The basic conclusion from the
two figures is that shortly after the beginning of the ac-
celerating segment of the flight path, the simple third-order
model represents fairly well the alignment process. Therefore,
the analytic expressions in Eqs. (23) and (32) are good ap-
proximations to the azimuth alignment process which is the
governing phenomenon during this stage of the alignment. A
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.C¢D(mrad
0.8~
0.4 |-
B LATERAL
MANEUVER
AXIAL
MANEUVER
1 ] | | | 1 1

1 L
60 120 TIME (sec)

Fig. 2 The standard deviation of the azimuth misalignment
estimation error derived from the simulation of case a.

comparison between Eqs. (23) and (32) clearly demonstrates
the superiority of the axial maneuver in the enhancement of
the azimuth observability, provided that the gyro drifts are
small. In our case, for example, it is shown in Fig. 1 that it
takes 37% less time to achieve 0.17 mrad when the axial
maneuver is employed.

Fourth-Order Model

We now turn our attention to cases b and ¢ of group
number two in which the azimuth gyro constant drift rate is
not negligible. Here we postulate that the error propagation
of the horizontal velocity components is still distinctly
governed by ¢,. However, due to the existence of the large
azimuth gyro constant drift rate, ¢ is not constant now. The
full-order INS error propagation model is now reduced to the
following fourth-order model:
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and
0 0 -ag() 0
0 0 —ay(®) O
F, ()= ‘ (3%
0 0 0 1
0 0 0 0
The suitable measurement matrix is
1 0 0 O
H,= (36)
0 1 0 O

and R is that given by Eq. (13). Again, we wish to examine the
stochastic observability matrix of this fourth-order system;
that is,

P,(1) ={S;q:,T(T,t)H;R—'H,,\Iz,,(T,r)dT} - @7

We are interested in P,(3,3) and P,(4,4), which are,
respectively, the 3,3 and 4,4 elements of P, (t) since

P,(3,3)=0}, 38)

and

-2
P,(4,4) =02,

(39

Lateral Maneuver

Substitution of Eqs. (15), the expressions for the sensed
acceleration on a circular path, into Eq. (35) yields

x=F,()x, (33)
0 0 Acwt O
where:
0 0 Aswt O
x7= [0 vpdpien] (34) FO= 16 0 0 4o
0 0 0 0
The solution of Eq. (17) for the fourth-order dynamics matrix, Eq. (40) yields
1 0 (A/w)(swt —swty) (A/w?) [ (0t —wty)swt+ (cwt—cwty) ]
0 1 — (A/w) (cwt—cwty) — (A/w?) [ (0t —wtp)cwt — (swt —swly) ]
Y, (4t = 4D
0 0 1 t—t,
0 0 0 1
For convenience we make the following change of variables:
x=wt  y=or @2)
Then the integrand of Eq. (37), g,(7,1), becomes g7 (¥,x), and is given by
_ A A .
1 | 0 | = (sy—sx) i 7~ L(P—x)sy+ (cy—cx)]
| | w @
| o e e e e e e | e e e
I ) F -
| | I
0 : 1 l — = (cy—cx) { — SO0y (y-x)]
i | | @
gi(x)= |-mmmmmmmmmm oo oo mm T mmmmmomm oo oo——m oo e 43)
) ! 2 | 2
—(sy-sx) 1 —=(y—cx) y 5 =cly—x)] by =x)I=c(y-x)]
: w : we - : w
e i iutaininlady = mmmmomm oo b
A | A2 A2
==y | — 5 [0U-0 P S =0 l-cy-x)] | —l@-x)-2(y-x)-s(y—x)
w? ! w? : w? W
+(ey—cx)] 1 —(sy—sx)] | b+ 2[I=c(y-x)1)
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Now from Egs. (37) and (42)

w

! 1 rx
it ={ g,nndr== | gnnay @4

Thus, using Eq. (43) in the integration, the following is obtained:

_ : A
x ' 0 ! - = (x-sx+cx—1) | - — (x-cx+x—2sx)
8] 1 i 2 1 w3
S s O
) 1 T
| | ]
1 X’ I ! .
0 ' - ' - — (sx—x-ex). | ——J(x-sx+2cx—2)
: 1 i w ! w !
Pl = TR ittt S et e
% A LA i 242 I A2 x?
— ~— (x-sx+cx—1) | — — (sx—x-cx) ' — (x—sx) . I — (= — +x-sx—1I1+cx)
w? ! w? ! w? ! w? 2
1 ) ]
"‘_"'__"——"""-__-___—‘—_T ___________________ 7-_|___—_______-"-——____"___l_ __________________________
A ' L A2 x? A2 x? .
- L (extx=2x) | =S esx2ex-2) o (=S xesr—T4en) | Do (S 420 ot 20— 4s0)
) w g 2 w3
L ' ! 1 ]
45)
Division of the 3,3 and 4,4 cofactors of P () by the determinant of the matrix yields, respectively,
, wia? UaxS +4sx-x2 —8(1 —cx)x “6)
Top = 42 (1/712)x8 + V3 (1 —cx)x* +4sx-x* — (1 —cx) (9—cx)x2 = 8sx (I —cx)x+16(1 —cx) 2
and
542 3 _ —
52 =2 a2 x3=2(1—cx)x . @
D A2 (1712)x5+ V3 (1 —cx)x* +dsx-x¢ — (] —cx) (9—cx)x? —8sx (I —cx)x+16(1 —cx)?
For comparison we turn now to the axial acceleration maneuver. .
. ‘ Following Eq. (37), the integration of Eq. (50) yields
Axial Maneuver .
When the components of the axial acceleration which are t 0 0 0
given in Eqgs. (15) are substituted into Eq. (40) the following is }
obtained: - ‘ 0 t 1AL —(1/6)A13
Pl =—
0 o0 0 0 231 0 1AL 1BA213 —15A214
000 —-A4 0 A 0 —(1/6)A —UAZ* (1/20)A%¢°
F, ()= 48) ‘
‘ 00 0 1 G
0O 0 0 o and the division of the 3,3 and 4,4 cofactors of P! (¢) by the -

. ) . determinant of the matrix yields, respectively
It can be easily shown that the corresponding transition

- matrix is as follows: - , wlol 1 ’
1 . . . . 0¢D=192 A7 ) (52)
0 1 A(t,—1) %BA(t,-1? and
Y, (4t)= 0 0 { (to—1) 49) wSo? 1
0 aiD=720 sz pory (53)
0 0 0 1

where, as in Eq. (42), x=w!.
Note that for large x, i.e., for large ¢, Eq. (52) decays as
1 : 1/¢? while Eq. (46), as 1/¢. Also, Eq. (53) decays as 1/¢° while
0 0 0 Eq. (47), as 1/¢#3. In other words, as in the third-order model,
the trend in the reduction of 63 _ for large ¢ is like 1/#° for the

and hence the integrand of Eq. (37) is

— —_ — —f)2
g (nt) = 1/9 : 1 A(r=1 nA(r=1) axial acceleration maneuver while it is only 1/¢ for the lateral
: 000 —A(r—1) A2 (r=0)2 UA2(r—1)? acceleration maneuver. In addition, the reduction in o7  is
. like 1/¢° for the axial acceleration maneuver while it is only
0 —LA(T-1)? BA2(r—1)3 UA2(7—-1)* like 1/¢° for the lateral acceleration maneuver. This again

establishes the observation that whenever the third or fourth’
(50)..  order models are adequate (i.¢., in cases a, b, and c of group
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C¢D(mrud) ED(OIh)_
0.4 - 0.4
B LATERAL MANEUVER :

- LATERAL MANEUVER
0.2 0.2r
k B AXIAL L

MANEUVER | AXIAL MANEUVER
L
) | | . \ . 1 1 A 1 1 1 1 I3
S L 460 |TIME sec) 200 400 TIME (sec)

Fig. 3 The standard deviation of the azimuth mlsahgnment .

estimation error derived from the fourth-order analytic model.

th(mrod)
0.4
B LATERAL MANEUVER
0.2
AXIAL MANEUVER
1 1 - 1 1 1 1

200 400 TIME ( sec)

ng. 4 The standard deviation of the azimuth misalignment
estimation error derived from the simulation of case b.
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'Fig.5 The standard deviation of the azimuth gyro constant drift rate
estimation error derived from the fourth-order analytic model.

number two) the axial acceleration maneuver is superior to the
lateral acceleration maneuver in TFA even without the final
cruising segment.

To illustrate the difference between the lateral and axial
maneuvers in the estimation of ¢,, as indicated by this
analytic model, we plot, in Fig. 3, % which is given by Eqgs.
(46) and (52). To see the correspondence between these
analytic results and simulation results, we plot, in Fig. 4, G,
of the lateral maneuver and that of the axial maneuver, bo%
obtained from the covariance simulation program. The
particular initial conditions which were used in the simulation
runs were chosen to make these example runs belong to case b
in group number two for which the suitable analytic model is
indeed the fourth-order one. Similarly in Figs. 5 and 6 we
illustrate the results obtained for the estimation of the
azimuth gyro constant drift from the analytic model and the
covariance simulation runs respectively. Accordingly, Fig. 5
represents the difference between the lateral and axial
maneuvers in the estimation of ¢, as indicated by the analytic
model [Eqgs. (45) and (53)]. For comparison we plot in Fig. 6
the same quantities as obtained from the simulation that

Fig. 6 The standard deviation of the azimuth gyro constant drift rate
estimation error derived from the simulation of case b.

generated the plots of Fig. 4. All the numerical values for this
simulation are the same-as those which were used to generate
the plots of Fig. 2 besides the following initial conditions:

0, =0,=2deg/h oy =

N N a¢E=1mm Gy

b= 3 min

Additional simulation runs were made which belong to case
¢ of group number two. The outcomes of these runs also fit
the analytic results obtained from the fourth-order model.

.Discussion

If the INS major errors during the IFA process are the
azimuth misalignment angle and the aximuth gyro constant
drift rate, we say that the IFA problem is a fourth-order
planar problem. In such a case, the fourth-order model
describes quite accurately the decay of the azimuth
misalignment angle and that of the azimuth gyro constant
drift rate during the planar maneuvers, If the azimuth gyro
constant drift rate happens to be small, then the IFA problem
is a third-order planar problem and is well described by the
third-order model. It was shown that if the IFA problem is a
planar one, axial acceleration is superior to a lateral one
already at the end of the accelerating segment of the IFA
trajectory. This conclusion holds regardless of the order of
the planar problem.

If at the beginning of the IFA all the gyro drift rates are
relatively small, then during the cruising phase of the IFA the
tilt errors are estimated and at the outset of the accelerating
segment of the IFA trajectory the IFA is a third-order planar
problem. We designated this case as case a of group number
two. If at the beginning of the IFA the two horizontal gyro
drift rates are still relatively small but the azimuth gyro
constant drift rate is large, we still encounter a planar problem
at the beginning of the maneuver; however, now it is a fourth-
order one. This case was.designated as case ¢ of group number
two.

If at the start of the IFA the gyro constant drift rates are
not small enough, there is still a chance that the two
horizontal drifts will be estimated during the cruising phase of
the IFA such that at the beginning of the maneuver these
drifts will be smaller than the azimuth gyro constant drift
rate. For this to happen, though, the following two conditions
have to exist at the outset:

Lép<ep Undp<ep (54
where, as before, {1, denotes the north component of the
local level north-pointing coordinate system angular turning
rate with respect to an inertial space. This is explained as
follows. Immediately at the outset of the cruising part of the
IFA trajectory the initial tilt errors are eliminated. Then, from
Eq. (1), :

¢N=£¢D+€N ¢E=QN¢Q+6N (55)
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Fig. 7 Flow chart presentation of the division into the various
azimuth alignment cases.

Since Lo, and (56, are practically constant, they have a
signature similar to that of ey and e, respectively. Con-
sequently they impair the observability of e, and ¢, when the
filter attempts to estimate them through the measurement of
vy and vg. If, however,

Lép<ey and Oyop<<e, (56)

then ¢, and ¢, are estimated down to the level of Lo, and
1) ~ps respectively. Now if this level is much lower than ep;
that is, if the conditions spelled out in Eq. (54) are met, then at
the start of the accelerating part of the trajectory, the IFA is
again a fourth-order planar problem. This case was
designated as case b of group number two. Note that the
conditions in Eq. (54) are the conditions of Eq. (8). If none of
the preceding conditions exist; that is, if no certain special
relations exist among the misalignments and the drifts, there
exists no simple IFA model. The flow chart in Fig. 7
illustrates the division into the various cases.

Conclusions

A full-order covariance simulation of the two kinds of
maneuvers revealed the following facts:

1) Azimuth misalignment is usually smaller at the end of
the baseline IFA trajectory when the axial maneuver is used.

2) When azimuth misalignment is observed during, and
particularly, at the end of the maneuver, axial maneuver is
superior only when certain initial conditions are met.

J. GUIDANCE AND CONTROL

3) The conditions necessary for the axial maneuver to be
superior in item 2 (above) are the conditions that yield a
planar problem at the beginning of the maneuver. We divided
these conditions into three cases of initial conditions. All the
IFA problems which fall within one of these cases are said to
belong to group number two.

We could not find an analytic proof of the claim that axial
maneuver is always superior. There is a heuristic argument to
support it but’ this argument does not yield quantitative
results, nor does it reveal the superiority, in certain cases, of
the lateral acceleration maneuver when azimuth misalignment
is observed during, and at the end of the maneuver, and,
although not discussed in this work, it cannot be used to
compare an alternating axial acceleration maneuver with any
other lateral maneuver.

We succeeded, however, in finding two analytic models to
describe the behavior of the IFA problems which belong to
group number two. The third-order model describes the
behavior of the azimuth misalignment when the azimuth gyro

~ drift rate is negligible. When the latter is not negligible, the

fourth-order model is the suitable one.
Bar G385 '
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